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ALMOST INVARIANT SUBSPACES OF THE SHIFT OPERATOR ON
VECTOR-VALUED HARDY SPACES
ARUP CHATTOPADHYAY, SOMA DAS, AND CHANDAN PRADHAN
Abstract. In this article, we characterize nearly invariant subspaces of finite defect for the backward
shift operator acting on the vector-valued Hardy space which is a vectorial generalization of a result
of Chalendar-Gallardo-Partington (C-G-P). Using this characterization of nearly invariant subspace
under the backward shift we completely describe the almost invariant subspaces for the shift and its
adjoint acting on the vector valued Hardy space.
1. Introduction
In 1988, Hitt [9] first introduces the notion of nearly invariant subspaces under the backward
shift operator acting on the scalar-valued Hardy space which he used as a tool for classifying the
simply shift-invariant subspaces of the Hardy space of an annulus. In his paper he rather called it
as “weakly invariant subspace under the backward shift ”. Later Sarason [15] further investigated
these spaces and modified Hitt’s algorithm for scalar-valued Hardy space to study the kernels of
Toeplitz operators. In 2010, Chalendar-Chevrot-Partington (C-C-P) [4] gives a complete character-
ization of nearly invariant subspaces under the backward shift operator acting on the vector-valued
Hardy space, providing a vectorial generalization of a result of Hitt. Recently Chalendar-Gallardo-
Partington (C-G-P) [5] introduce the notion of nearly invariant subspace of finite defect for the
backward shift operator acting on the scalar valued Hardy space as a generalization of nearly in-
variant subspaces and provides a complete characterization of these spaces in terms of backward
shift invariant subspaces. Using this characterization they also described the almost-invariant sub-
spaces for the shift and its adjoint acting on the scalar valued Hardy space. In this connection we
should mention that the relation between nearly invariant subspaces under the backward shift and
the kernel of Toeplitz operators has been discussed in [6].
In this paper we further study nearly invariant subspaces of finite defect under the backward shift
operator acting on the vector valued Hardy space and provides a vectorial generalization of C-G-P
algorithm. As a consequences we completely characterize nearly invariant subspaces of finite defect
under the backward shift in terms of backward shift invariant subspaces. Furthermore, using the
characterization of nearly invariant subspace under the backward shift we completely describe the
almost invariant subspaces for the shift and its adjoint acting on the vector valued Hardy space.
Moreover at the end we also provide a connection between the orthocomplement of a nearly invariant
subspaces of finite defect under the backward shift and the shift invariant subspaces on the vector
valued Hardy space.
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The Cm- valued Hardy space [13] over the unit disc D is denoted by H2Cm(D) and defined by
H2Cm(D) :=
{
F (z) =
∑
n≥0
Anz
n : ‖F‖2 =
∑
n≥0
‖An‖
2
Cm <∞, An ∈ C
m
}
.
We can also view the above Hilbert space as the direct sum of m-copies of H2C(D) or sometimes it is
useful to see the above space as a tensor product of two Hilbert spaces H2C(D) and C
m, that is,
H2Cm(D) ≡ H
2
C(D)⊕ · · · ⊕H
2
C(D)︸ ︷︷ ︸
m
≡ H2C(D)⊗ C
m.
Let S denote the forward shift operator (multiplication by the independent variable) acting on
H2Cm(D), that is, SF (z) = zF (z), z ∈ D. The adjoint of S is denoted by S
∗ and defined in H2Cm(D)
as the operator
S∗(F )(z) =
F (z)− F (0)
z
, F ∈ H2Cm(D)
which is known as backward shift operator. The Banach space of all L(Cr,Cm) (set of all bounded
linear operators from Cr to Cm)- valued bounded analytic functions on D is denoted byH∞
L(Cr,Cm)(D).
Each Θ ∈ H∞
L(Cr,Cm)(D) induces a bounded linear map TΘ ∈ H
∞
L(Cr,Cm)(D) defined by
TΘF (z) = Θ(z)F (z). (F ∈ H
2
Cr(D))
The elements of H∞
L(Cr,Cm)(D) are called the multipliers and are determined by
Θ ∈ H∞L(Cr,Cm)(D) if and only if STΘ = TΘS,
where the shift S on the left hand side and the right hand side act on H2Cm(D) and H
2
Cr(D) re-
spectively. A multiplier Θ ∈ H∞
L(Cr ,Cm)(D) is said to be inner if MΘ is an isometry, or equivalently,
Θ(z) ∈ L(Cr,Cm) is an isometry almost everywhere with respect to the Lebesgue measure on T (unit
circle). Inner multipliers are among the most important tools for classifying invariant subspaces of
reproducing kernel Hilbert spaces. For instance:
Theorem 1.1. (Beurling-Lax-Halmos [17]) A non-zero closed subspace M ⊆ H2Cm(D) is shift in-
variant if and only if there exists an inner multiplier Θ ∈ H∞
L(Cr,Cm)(D) such that
M = ΘH2Cr(D),
for some r (1 ≤ r ≤ m).
Consequently, the space M⊥ of H2Cm(D) which is invariant under S
∗ (backward shift) can be repre-
sented as
KΘ :=M
⊥ = H2Cm(D)⊖ΘH
2
Cr(D),
which also known as model spaces [7, 8, 11].
Definition 1.2. A closed subspace M of H2Cm(D) is said to be almost-invariant for S if there exists
a finite dimensional subspace F of H2Cm(D) such that
S(M) ⊆M+ F .
The space F is called the defect space and the smallest possible dimension of F is called defect of
the space M. Moreover, a space M is called a half space if M has infinite dimension and infinite
co-dimension. The study of almost-invariant half-spaces of any bonded linear operators T acting on
complex Banach spaces was initiated in 2009 due to Androulakis, Popov, Tcaciuc and Troitsky [1]
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and later it further studied by Popov, Tcaciuc, Sirotkin and Wallis [14, 16, 18] to investigate the
structure of almost-invariant half-spaces in more general setting. In this connection it is easy to
observe that every subspace which is not a half-space is clearly almost-invariant under any operator.
A well-known result due to Beurling [3] states that if M is a S-invariant subspace of H2C(D), then
M can be represented as
M = θH2C(D),
where θ ∈ H∞C (D) is an inner function (that is, θ is a bounded holomorphic function on D and
|θ| = 1 a.e. on T). In this regard it is not difficult to conclude that the shift invariant subspace M
of H2C(D) is a half-space if and only if M = θH
2
C(D) with θ is not rational (that means θ is not a
product of finitely many Blaschke factor) [10].
The purpose of this paper is to characterize almost invariant subspaces for the shift and its adjoint
acting on the vector valued Hardy space in terms of invariant subspaces for the adjoint S∗ with finite
defect. To achieve our goal we give a connection between nearly invariant subspaces with finite defect
and invariant subspaces for S∗ in the vector valued Hardy space (see. Theorem 3.5).
Definition 1.3. A closed subspace M of H2Cm(D) is said to be nearly invariant for S
∗ if every
element F ∈ M with F (0) = 0 satisfies S∗F ∈ M.
The paper is organized as follows: In Section 2 we give a connection between nearly invariant
subspaces for S∗ and almost-invariant subspaces for S in vector valued Hardy spaces. In other words
we generalize some results of ([5] , Section 2) in the vector valued setting. Section 3 deals with the
main result of this paper. At the end we obtain a connection between the orthocomplement of a
class of nearly invariant subspaces of finite defect under the backward shift and the shift invariant
subspaces on the vector valued Hardy space.
2. Preliminary Results
The space H2Cm(D) can also be defined as the collection of all C
m-valued analytic functions F on
D such that
‖F‖ =
[
sup
0≤r<1
1
2pi
∫ 2pi
0
|F (reiθ)|2 dθ
] 1
2
<∞.
Moreover the nontangential boundary limit (or radial limit)
F (eiθ) := lim
r→1−
F (reiθ)
exists almost everywhere on T (for more details see [11], I.3.11). ThereforeH2Cm(D) can be embedded
isomertically as a closed subspace of L2(T,Cm) by identifying H2Cm(D) through the nontangential
boundary limits of the H2Cm(D) functions. Furthermore L
2(T,Cm) can be decomposed in the follow-
ing way
L2(T,Cm) = H2Cm(D)⊕H
2
0 ,
where H20 = {F ∈ L
2(T,Cm) : F ∈ H2Cm(D) and F (0) = 0}.
Definition 2.1. A closed subspace M of H2C(D) is said to be nearly invariant for the backward shift
S∗ if every element f ∈ M with f(0) = 0 satisfies S∗f ∈ M.
As in the introduction we already noticed that nearly S∗-invariant subspaces of H2C(D) were
introduced and characterized by Hitt [9] and Sarason [15]. The vectorial generalization of Hitt’s and
Sarason’s result was due to Chalendar-Chevrot-Partington (C-C-P) [4] which says the following:
Every non trivial nearly S∗-invariant subspace M of H2Cm(D) has the form M = F0K, where F0 is
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the m × r (1 ≤ r ≤ m) matrix whose columns are {W1,W2, ...,Wr} which forms an orthonormal
basis of W := M⊖ (M∩ zH2Cm(D)) and K is a S
∗- invariant subspace of H2Cr(D). Therefore by
Beurling-Lax-Halmos theorem there exists an inner multiplier Θ ∈ H∞
L(Cr′ ,Cr)
(D) for some r′ (≤ r)
such that
K = KΘ := H
2
Cr(D)⊖ΘH
2
Cr′
(D)
with an extra property that Θ(0) = 0. The operator
TF0 : H
2
Cr(D)→ H
2
Cm(D)
G 7−→ P (F0G),
where P is the Fourier projection of the L1(T,Cm) function F0G on H2Cm(D), as in the scalar case
it is an isometry from KΘ ontoM.
As discussed earlier throughout this section we are going to provide vectorial generalization of
results given in ([5] , Section 2). Now we are in a position to prove our first result which produces
a connection between nearly invariant subspaces for S∗ and almost-invariant subspaces for S in the
vector valued case.
Proposition 2.2. Let F0 and KΘ be as above. Then the nearly S
∗- invariant subspace M = F0KΘ
is an almost invariant for S with defect r′. In particular, if the inner multiplier Θ ∈ H∞
L(Cr)(D) is of
the form:
(2.1) Θ =


θ1 0 0 . . . 0
0 θ2 0 . . . 0
. . . . . . .
. . . . . . .
. . . . . . .
0 0 0 . . . θr


r×r
,
where {θ1, θ2, . . . , θr} is a collection of inner functions of H
2
C(D) with at least one θi (say) is not
rational, then M = F0KΘ is an almost-invariant half space with defect r.
Proof. Since Θ ∈ H∞
L(Cr′,Cr)(D) is an inner multiplier, then the map
TΘ : H
2
Cr′(D)→ H
2
Cr(D)
is an isometry. Let {ei}
r′
i=1 be an orthonormal basis of C
r′. Now consider Θ˜i = Θei ∈ H
2
Cr(D), for i =
1, 2, ..., r′. Note that TΘ is an isometry implies {Θ˜i}
r′
i=1 is linearly independent in H
2
Cr(D). Moreover
(KΘ + span{Θ˜i}
r′
i=1)
⊥ = ΘH2Cr′(D) ∩ (span{Θ˜i}
r′
i=1)
⊥ = zΘH2Cr′(D).
On the other hand for G ∈ H2Cr′(D) and F ∈ KΘ we have 〈zΘG, zF 〉 = 0 and hence zΘH
2
Cr′(D) ⊆
(zKΘ)
⊥. Thus SKΘ ⊆ KΘ + span{Θ˜i}
r′
i=1. Since TF0 is an isometry from KΘ onto M we have
SM⊆M+ span{F0Θ˜i}
r′
i=1. This proves that M is almost invariant under S with defect r
′.
For the second part we assume that θj is not rational for some j ∈ {1, . . . , r} which immediately
implies that θjH
2
C(D) is a half space. Note that since Θ is of the form (2.1), then ΘH
2
Cr(D) is again
a half space which concludes that M is also a half space. This concludes the proof. 
The following two lemmas are very useful to conclude that the orthocomplement of some nearly
invariant subspaces for S∗ are also almost invariant for S of some finite defect in H2Cm(D).
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Lemma 2.3. Let Ψ ∈ H∞
L(Cm)(D) be an inner multiplier of the form
(2.2) Ψ =


ψ1 0 0 . . . 0
0 ψ2 0 . . . 0
. . . . . . .
. . . . . . .
. . . . . . .
0 0 0 . . . ψm


m×m.
,
where {ψ1, ψ2, . . . , ψm} is a collection of inner functions of H
2
C(D). Then (ΨKΘ)
⊥ = ΨΘH2Cr(D)⊕KΨ
for any inner multiplier Θ ∈ H∞
L(Cr,Cm)(D) with r ≤ m.
Proof. Let F ∈ H2Cm(D). Then for all K ∈ KΘ we have
〈F,ΨK〉H2
Cm
(D) = 〈F,ΨK〉L2(T,Cm) = 〈T
∗
ΨF,K〉L2(T,Cm).
Therefore T ∗ΨF ∈ ΘH
2
Cr(D)⊕H
2
0 if and only if F ∈ ΨΘH
2
Cr(D)⊕KΨ, where KΨ = (ΨH
2
Cm(D))
⊥ =
H2Cm(D) ∩ΨH
2
0 . This completes the proof. 
Lemma 2.4. Let Ψ ∈ H∞
L(Cm)(D) be as in the statement of lemma 2.3 with an extra assumption
that ψi(0) 6= 0 for each i ∈ {1, 2, . . . ,m}. Then ΨKΘ is nearly S
∗ invariant for any inner multiplier
Θ ∈ H∞
L(Cr,Cm)(D) with r ≤ m.
Proof. Let F ∈ ΨKΘ be such that F (0) = 0. Then
F = ΨK, where K ∈ KΘ and F (0) = Ψ(0)K(0) = 0.
Since each ψi(0) 6= 0 for each i ∈ {1, 2, . . . ,m}, then from the above we conclude that K(0) = 0.
Thus
S∗F (z) =
F (z)− F (0)
z
=
ψ(z)K(z)
z
= Ψ(z)S∗K(z),∀z ∈ D.
Since KΘ is S
∗ invariant, then S∗F ∈ ΨKΘ. This completes the proof. 
Combining lemma 2.3 and lemma 2.4 we have the following result.
Proposition 2.5. Let Ψ ∈ H∞
L(Cm)(D) be as in the statement of lemma 2.3 and let Θ ∈ H
∞
L(Cr ,Cm)(D) for r ≤
m. Then (ΨKΘ)
⊥ is an almost invariant subspace for S in H2Cm(D) with defect m. In particular if
(2.3) Θ =


θ1 0 0 . . . 0
0 θ2 0 . . . 0
. . . . . . .
. . . . . . .
. . . . . . .
0 0 0 . . . θm


m×m,
,
where {θ1, θ2, . . . , θm} is a collection of inner functions of H
2
C(D) with at least one θi (say) is not
rational, then (ΨKΘ)
⊥ is an almost invariant half space of defect m.
Proof. By repeating the similar kind of argument as in the proof of proposition 2.2 we conclude that
SKΨ ⊂ KΨ + span{Ψ˜i}
m
i=1,
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where Ψ˜i = Ψei and {e1, e2, . . . , em} is an orthonormal basis of Cm. On the other hand by lemma
2.3 we have (ΨKΘ)
⊥ = ΨΘH2Cm(D)⊕KΨ. Thus by combining this two results we have the following
:
S(ΨKΘ)
⊥ ⊂ (ΨKΘ)
⊥ + span{Ψ˜i}
m
i=1.
Since by hypothesis Θ is of the form (2.3), then the dimensions of both (ΨKΘ)
⊥ and ΨKΘ are infinite
and hence it is a half space. This completes the proof. 
In proposition 2.2 we have seen that every nearly invariant subspace for S∗ is an almost invariant
subspace for S. The next proposition says that the converse of this result is not true that is, there
exists an almost invariant half space for S which is not nearly S∗- invariant.
Proposition 2.6. Let Θ ∈ H∞
L(Cm)(D) be as in (2.3) with an extra assumption that Θ(0) = 0. Then
(ΘKΘ)
⊥ is an almost invariant half space for S of defect m but not nearly invariant for S∗.
Proof. Since Θ is of the form (2.3), then by proposition 2.5 we conclude that (ΘKΘ)
⊥ is an almost
invariant for S. Note that Θ is an inner multiplier of the form (2.3) with at least one θj (say) is
not rational. Now Θ(0) = 0 implies that θi(0) = 0 for all i ∈ {1, 2, ...,m}. Let F = Θ
2ej , where
{e1, e2, . . . , em} is an orthonormal basis of Cm. Then F ∈ H2Cm(D) and F (0) = 0. Note that for any
K ∈ KΘ, 〈F,ΘK〉 = 〈Θ
2ej ,ΘK〉 = 0 and hence F ∈ (ΘKΘ)
⊥. On the contrary, let us assume that
(ΘKΘ)
⊥ is nearly invariant for S∗. Therefore S∗F ∈ (ΘKΘ)
⊥ = Θ2H2Cm(D) ⊕ KΘ (by lemma 2.3)
and hence
(2.4) S∗F (z) =
F (z)
z
= Θ2(z)H(z) +K(z),
for some H ∈ H2Cm(D) and K ∈ KΘ. On the other hand Θ(0) = 0 implies that there exists an
another inner multiplier Θ1 ∈ H
∞
L(Cm,Cm)(D, ) such that Θ(z) = zΘ1(z), ∀z ∈ D and hence
(2.5) S∗F (z) =
F (z)
z
=
Θ2(z)ej
z
= Θ(z)Θ1(z)ej ∈ ΘH
2
Cm(D).
Combining (2.4) and (2.5) we conclude that K ∈ KΘ ∩ ΘH
2
Cm(D) and therefore K(z) = 0. This
implies that H(z) = 1
z
⊗ ej ∈ H
2
Cm(D) which is not the case. This completes the proof.

3. Classification of almost invariant subspaces
The main aim of this section is to describe completely the almost invariant subspaces for the
shift and its adjoint acting on the vector valued Hardy space H2Cm(D). At first we begin with the
definition of nearly invariant subspace for S∗ with finite defect on the vector valued Hardy space
which already introduced in [5] for the scalar valued Hardy space H2C(D).
Definition 3.1. A closed subspace M ⊂ H2Cm(D) is said to be nearly S
∗-invariant with defect p if
and only if there is an p-dimensional subspace F ⊂ H2Cm(D) (which may be taken to be orthogonal
to M ) such that if F ∈ M,F (0) = 0 then S∗F ∈ M ⊕ F . We say that M is S∗ almost invariant
with defect p if and only if S∗M⊂M⊕F ; where dim F = p.
Characterization of the subspaces of a vector-valued Hardy space that are nearly S∗ invariant
was due to Challender, Chervot, Partington [4] which provides a vectorial generalization of a result
of Hitt [9]. Recently Challeder, Gallardo, Partington (C-G-P) gives a complete characterization of
nearly S∗ invariant subspaces with finite defect in the scalar valued Hardy space H2C(D) [5]. Here our
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principle aim is to provide a complete characterization of nearly S∗ invariant subspaces with finite
defect in the vector valued Hardy space H2Cm(D). Before going to the main result of this section we
first start with the following two lemmas. Note that the first lemma already proved in [4] but for
reader’s convenience we are providing a proof herewith.
Lemma 3.2. Let M be a closed subspace of H2Cm(D) such that all functions in M do not vanish at
0. Then
1 ≤ dim (M⊖ (M∩ zH2Cm(D))) ≤ m.
Proof. Note that by hypothesis the space W :=M⊖ (M∩ zH2Cm(D)) is non-trivial. Let dimW = r.
For i ∈ {1, 2, ...,m}, let Fi = PM(k0 ⊗ ei), where PM is the orthogonal projection of H
2
Cm(D)
onto M and k0 is the reproducing kernel at 0 in H
2
C(D). Then Fi ∈ M and 〈Fi, G〉 = 0 for all
G ∈ M ∩ zH2Cm(D) which implies that G(0) = 0. This shows that {Fi}
m
i=1 generates the space W
and hence dimW ≤ m. This completes the proof. 
Let H be a complex separable Hilbert-space and define
C·0 :=
{
T ∈ L(H,H) : T ∗nh→ 0 as n→∞ for all h ∈ H
}
.
Lemma 3.3. (Lemma 3.3 in [2]) Suppose T ∈ C·0 and dim DT
(
= Ran(I − T ∗T )
1
2
)
< ∞. Let
F ⊂ H be a closed subspace of finite codimension. Then TPF ∈ C·0, where PF denotes the orthogonal
projection onto F .
Now we are in a position to state and prove the main theorem in this section.
Theorem 3.4. Let M be a closed subspace that is nearly S∗-invariant with defect 1 in H2Cm(D) and
let E1 ∈ H
2
Cm(D) be such that F = 〈E1〉 (subspace spanned by the vector E1) is the defect space with
‖E1‖ = 1. Let {W1,W2, . . . ,Wr} be an orthonormal basis of W :=M⊖ (M∩ zH
2
Cm(D)) and let F0
be the m× r matrix whose columns are W1,W2, . . . ,Wr. Then
(i) in the case where there are functions in M that do not vanish at 0,
M =
{
F ∈ H2Cm(D) : F = F0K0 + zk1E1 and
(K0, k1) ∈ K ⊂ H
2
Cr(D)×H
2
C(D)
}
,
(3.1)
where
K =
{
(K0, k1) ∈ H
2
Cr+1(D) : ∃ F ∈M such that
F = F0K0 + zk1E1
}
is a closed S∗⊕ · · · ⊕S∗-invariant subspace of the vector valued Hardy space H2Cr+1(D), and ‖F‖
2 =
‖K0‖
2 + ‖k1‖
2.
(ii) In the case where all functions in M vanish at 0.
M = {F : F (z) = zk1(z)E1(z) : k1 ∈ K},
where K is now a closed S∗- invariant subspace of the Hardy space H2C(D) and ‖F‖
2 = ‖k1‖
2
.
Conversely, if a closed subspace M of the vector valued Hardy space H2Cm(D) has a representation
like (i) or (ii) as above, then it is a nearly S∗-invariant subspace of defect 1.
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Proof. (i) By hypothesis M * zH2Cm(D). Let PW denote the orthogonal projection of M onto W.
If F ∈ M, then PW(F ) can be written as
PW(F )(z) = a0,1W1(z) + · · ·+ a0,rWr(z),
and hence for each z ∈ D, F (z) = PW(F )(z)+F1(z), where F1 ∈ M∩W⊥. Since {W1,W2, . . . ,Wr}
forms an orthonormal basis of W, then we have the following norm identity:
‖F‖2 = |a0,1|
2 + |a0,2|
2 + · · ·+ |a0,r|
2 + ‖F1‖
2
= ‖A0‖
2 + ‖F1‖
2
, where A0 = (a0,1, a0,2, . . . , a0,r)
T .
Note that F1 ∈ M ∩ W
⊥ and hence F1(0) = 0. On the other hand since M is a nearly S
∗-
invariant subspace with defect 1, then S∗F1 = G1 + β1E1, where G1 ∈ M and β1 ∈ C. Therefore
F1 = S(G1 + β1E1) because F1(0) = 0 and SS
∗F1 = F1. Thus for z ∈ D we have
(3.2) F (z) = F0(z)A0 + zG1(z) + β1zE1(z) and ‖F‖
2 = ‖A0‖
2 + ‖G1‖
2 + |β1|
2.
Now we repeat the above process starting with G1. Then G1 = F0A1 + F2 with F2 ∈ M and
F2(0) = 0. Similarly by using the properties of M we conclude that S
∗F2 = G2 + β2E1 for some
G2 ∈ M and β2 ∈ C which again implies that F2 = zG2 + β2zE1. Therefore in the second iteration
we have
F (z) = F0(z)(A0 +A1z) + z
2G2(z) + (β1z + β2z
2)E1(z) (z ∈ D)
and ‖F‖2 = ‖A0‖
2 + ‖A1‖
2 + ‖G2‖
2 + |β1|
2 + |β2|
2. If we continue the above process at the k-th
iteration we obtain,
F (z) = F0(z)(A0 +A1z + · · ·+Ak−1z
k−1) + zkGk(z) + (β1z + · · ·+ βkz
k)E1(z)(3.3)
and
‖F‖2 =
k−1∑
j=0
‖Aj‖
2 + ‖Gk‖
2 +
k∑
j=1
|βj |
2.(3.4)
Moreover from the above iterations we also note that Gk = P1S
∗P2(Gk−1), where P1 and P2 are the
orthogonal projections with kernel 〈E1〉 and W respectively. Since S ∈ C·0, dimDS <∞ and P1 is
an orthogonal projection with finite dimensional kernel, then by applying lemma 3.3 we conclude
that SP1 ∈ C·0. Furthermore, since dimDSP1 <∞ and P2 is an orthogonal projection with finite
dimensional kernel, then by applying lemma 3.3 once again we conclude that SP1P2 ∈ C·0. Again
from the above iterations we note that
Gk = (P1S
∗P2)
k(F ) = P1S
∗(P2P1S
∗)k−1P2(F ) = P1S
∗(SP1P2)
∗k−1P2(F )
and hence ‖Gk‖ ≤ ‖(SP1P2)
∗k−1P2(F )‖ → 0, as k → ∞. Consequently from the above equations
(3.3) and (3.4) we can write
(3.5) F (z) = F0(z)K0(z) + zk1(z)E1(z) and ‖F‖
2 = ‖K0‖
2 + ‖k1‖
2
,
where
K0(z) =
∞∑
j=0
Ajz
j , k1(z) =
∞∑
j=1
βjz
j−1
and the sums converge in H2Cr(D) and H
2
C(D) norm respectively. Thus finally we say that if F ∈M
then
F = F0K0 + zk1E1,
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where (K0, k1) ∈ H
2
Cr(D) ×H
2
C(D). Recall that H
2
Cr(D) ×H
2
C(D) can be identified with H
2
Cr+1(D).
Define the subspace K of H2Cr+1(D) as follows:
K =
{
(K0, k1) ∈ H
2
Cr+1(D) : ∃ F ∈ M such that
F = F0K0 + zk1E1
}
.
Then by using (3.5) we conclude that K is a closed subspace of H2Cr+1(D). Now it remains to show
that K is S∗ ⊕ · · · ⊕ S∗-invariant in H2Cr+1(D). Indeed, let (K0, k1) ∈ K. Then there exists F in M
such that F = F0K0 + zk1E1. On the other hand
F = F0K0 + zk1E1 = F0A0 + F0(K0 −K0(0)) + zk1E1
= F0A0 + {F0(K0 −K0(0)) + z(k1 − k1(0))E1 + zk1(0)E1}
= F0A0 + z(F0S
∗K0 + zS
∗k1E1)︸ ︷︷ ︸+zβ1E1,
which along with equation (3.2) implies F0S
∗K0 + zS
∗k1E1 = G1 ∈ M, which proves that K is
S∗ ⊕ · · · ⊕ S∗︸ ︷︷ ︸
r+1
-invariant.
Conversely, letM be a closed subspace of H2Cm(D) which has a representation like (3.1). Let F ∈M
be such that F (0) = 0. Then there exists (K0, k1) in K such that F = F0K0 + zk1E1. Now it is
easy to observe that
{
Wi(0)
}r
i=1
is linearly independent which follows from the fact that W is a
linear space and all functions in W do not vanish at 0. On the other hand F (0) = 0 and the fact{
Wi(0)
}r
i=1
is linearly independent together implies K0(0) = 0. Thus
S∗F (z) =
F (z) − F (0)
z
=
F0(z)K0(z) + zk1(z)E1(z)− F0(0)K0(0)
z
= F0(z)S
∗K0(z) + (SS
∗k1(z))E1(z) + k1(0)E1(z)
and hence S∗F = F0S
∗K0+zS
∗k1E1+k1(0)E1. On the other hand since K is S
∗⊕· · ·⊕S∗-invariant
in H2Cr+1(D), then we have (S
∗K0, S
∗k1) ∈ K and hence F0S
∗K0 + zS
∗k1E1 ∈ M. This shows that
S∗F ∈ M⊕F and consequently M is nearly S∗- invariant with defect one.
(ii) If M ⊆ zH2Cm(D), then W = {0}. Therefore by applying the similar kind of algorithm as in
(i), F can be written as F (z) = zk1(z)E1(z) for some H
2
C(D) fucntion k1. In other words M has
the following representation.
M = {F : F (z) = zk1(z)E1(z) : k1 ∈ K},
where K is a closed S∗- invariant subspace of the Hardy space H2C(D) and ‖F‖
2 = ‖k1‖
2
. This
completes the proof. 
In general for finite defect p the analogous calculations produce the following result.
Theorem 3.5. 1 LetM be a closed subspace that is nearly S∗-invariant with defect p in H2Cm(D) and
let {E1, E2, .....Ep} be any orthonormal basis for the p-dimensional defect space F . Let {W1,W2, . . . ,Wr}
be an orthonormal basis of W :=M⊖(M∩zH2Cm(D)) and let F0 be the m×r matrix whose columns
1Recently this result also obtained independently by Ryan O’Loughlin in [12].
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are W1,W2, . . . ,Wr. Then
(i) in the case where there are functions in M that do not vanish at 0,
(3.6) M =
{
F : F (z) = F0(z)K0(z) +
p∑
j=1
zkj(z)Ej(z) : (K0, k1, . . . , kp) ∈ K
}
,
where K ⊂ H2Cr(D)×H
2
C(D)× · · · ×H
2
C(D)︸ ︷︷ ︸
p
is a closed S∗⊕· · ·⊕S∗- invariant subspace of the vector
valued Hardy space H2Cr+p(D) and
‖F‖2 = ‖K0‖
2 +
p∑
j=1
‖kj‖
2
.
(ii) In the case where all the functions in M vanish at 0,
(3.7) M =
{
F : F (z) =
p∑
j=1
zkj(z)Ej(z) : (k1, . . . , kp) ∈ K
}
,
with the same notion as in (i) except that K is now a closed S∗⊕ · · · ⊕S∗- invariant subspace of the
vector valued Hardy space H2Cp(D) and
‖F‖2 =
p∑
j=1
‖kj‖
2
.
Conversely, if a closed subspace M of the vector valued Hardy space H2Cm(D) has a representation
like (i) or (ii) as above, then it is a nearly S∗-invariant subspace of defect p.
Corollary 3.6. A closed subspace M⊂ H2Cm(D) is an almost invariant subspace for S
∗ with defect
p if and only if it satisfies the conditions of the above Theorem 3.5 together with an extra condition
that S∗Wi ∈M⊕F for all i = 1, 2, . . . , r in case (i), while case (ii) is unchanged.
Proof. If M is an almost invariant subspace for S∗ with defect p, then it is nearly S∗-invariant
subspace with defect p. Thus it satisfies the conditions of the above Theorem 3.5 and since
W1,W2, . . . ,Wr ∈ M, then from the hypothesis it follows that S
∗Wi ∈ M⊕F for all i = 1, 2, . . . , r.
Conversely, assume that M satisfies the conditions of Theorem 3.5 together with S∗Wi ∈ M ⊕ F
for all i = 1, 2, . . . , r. Thus for any F ∈ M we have
F = F0K0 +
p∑
j=1
zkjEj = F0K0(0) +K,
where
K(z) = F0(z)(K0(z)−K0(0)) +
p∑
j=1
zkj(z)Ej(z).
Observe that K(0) = 0 and F0K0(0) ∈ M implies K ∈ M. Since M is nearly S
∗ invariant with
defect p, then S∗K ∈ M⊕F which along with the fact S∗Wi ∈ M⊕F for all i = 1, . . . , r implies
S∗F ∈ M⊕F and hence M is an almost invariant with defect p. This completes the proof. 
Remark 3.7. It is easy to observe that S∗M⊂M⊕F is equivalent to the condition that S(M⊕
F)⊥ ⊂ (M⊕ F)⊥ ⊕ F . Therefore almost invariant subspaces for S can be characterized by S∗-
invariant subspaces.
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4. Characterization of nearly invariant subspaces in terms of shift invariant
subspaces
In this section our main aim is to give a connection between nearly S∗-invariant subspaces and
S-invariant subspaces using our main result in the previous section. In other words we try to
characterize M⊥ in terms of shift invariant subspaces, where M is a nearly S∗- invariant subspace
ofH2Cm(D) with finite defect p. Note that in general it is difficult to deal with the case when the defect
has an orthonormal basis consist of arbitrary functions of H2Cm(D). Therefore we restrict ourselves
in the special case when the orthonormal basis for the defect space are bounded analytic functions
that is, F = span{E1, E2, . . . , Ep}, where Ei ∈ H
∞
L(C,Cm)(D) for i = 1, . . . , p. Let F0 ∈ H
2
L(Cr,Cm)(D)
and TF0 : H
2
Cr(D) → H
2
Cm(D) be an operator defined by TF0(G) = P (F0G), where P is the Fourier
projection of the L1(T,Cm) function F0G on H2Cm(D).
First we consider the case when M is a nearly S∗- invariant subspace of H2Cm(D) which contain
functions that do not vanish at 0 with an extra assumption that W :=M⊖ (M∩ zH2Cm(D)) has an
orthonormal basis consist of H∞Cm(D)-functions, that is, {W1, . . . ,Wr} ⊆ H
∞
Cm(D). ThereforeM has
the form (3.6) by Theorem 3.5 (i). Now consider G ∈ M⊥, then 〈G,F 〉 = 0,∀F ∈ M. But for any
F ∈ M we have
F = F0K0 +
p∑
j=1
SkjEj ,
where (K0, k1, . . . , kp) ∈ K and K is a S
∗- invariant subspace of H2Cr+p(D). Therefore
〈G,F 〉 = 〈G,F0K0〉2 +
p∑
j=1
〈G,SkjEj〉2 = 〈G,TF0K0〉2 +
p∑
j=1
〈S∗G, kjEj〉2
= 〈T ∗F0G,K0〉H2Cr (D)
+
p∑
j=1
〈T ∗EjS
∗G, kj〉H2
C
(D),
which ensures
G ∈ M⊥ if and only if T ∗F0G⊕ T
∗
E1
S∗G⊕ T ∗E2S
∗G⊕ · · · ⊕ T ∗EpS
∗G ∈ K⊥.
Thus
(4.1) M⊥ =
{
G ∈ H2Cm(D) : T
∗
F0
G⊕ T ∗E1S
∗G⊕ T ∗E2S
∗G⊕ · · · ⊕ T ∗EpS
∗G ∈ K⊥
}
,
where K⊥ is a S- invariant subspace of H2Cr+p(D). Conversely, if M is a closed subspace of H
2
Cm(D)
such thatM⊥ is of the form (4.1), thenM is a nearly S∗- invariant subspace of H2Cm(D) with defect
p. Similarly we can also obtain the expression of M⊥ in the case when M ⊂ zH2Cm(D). We can
then formulate our main result in this section as follows.
Theorem 4.1. Let M be a closed subspace of H2Cm(D) which is nearly S
∗- invariant with defect p
with an extra condition that the orthonormal basis for both the defect space and the space M⊖ (M∩
zH2Cm(D)) are bounded analytic functions. Then,
(i) in the case where there are functions in M that do not vanish at 0,
M⊥ =
{
G ∈ H2Cm(D) : T
∗
F0
G⊕ T ∗E1S
∗G⊕ T ∗E2S
∗G⊕ · · · ⊕ T ∗EpS
∗G ∈ K⊥
}
,
where {Wi}
r
i=1 is an orthonormal basis of W := M⊖ (M ∩ zH
2
Cm(D)), F0 is the m × r matrix
whose columns are W1,W2, . . . ,Wr, the defect space F has an orthonormal basis {E1, E2, . . . , Ep} ⊆
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H∞
L(C,Cm)(D) and K
⊥ ⊆ H2Cr(D)×H
2
C(D)× · · · ×H
2
C(D)︸ ︷︷ ︸
p
is a closed S ⊕ · · · ⊕ S- invariant subspace
of the vector valued Hardy space H2Cr+p(D).
(ii) In the case where all functions in M vanish at 0,
M⊥ =
{
G ∈ H2Cm(D) : T
∗
E1
S∗G⊕ T ∗E2S
∗G⊕ · · · ⊕ T ∗EpS
∗G ∈ K⊥
}
,
where {E1, E2, .....Ep} ⊆ H
∞
L(C,Cm)(D) is an orthonormal basis for the p dimensional defect space F
and K⊥ ⊆ H2C(D)× · · · ×H
2
C(D)︸ ︷︷ ︸
p
is a closed S⊕· · ·⊕S- invariant subspace of the vector valued Hardy
space H2Cp(D). Conversely, if a closed subspace M⊂ H
2
Cm(D) is such that M
⊥ has a representation
as in (i) or (ii), then M is a nearly S∗- invariant subspace of defect p.
Finally we end the section with the following remark.
Remark 4.2. In this section we describe nearly invariant subspaces under the backward shift with
finite defect with an extra assumption that bounded analytic functions form an orthonormal basis of
the defect space. But we do expect that the version of Theorem 4.1 still hold without this assumption.
Acknowledgements
We are extremely grateful to Dr. Bata Krishna Das for many fruitful discussions and his valuable
comments. We would also like to thank Prof. Joydeb Sarkar for introducing this area to us.
References
[1] Androulakis, G.; Popov, A. I.; Tcaciuc, A. and Troitsky, V. G.: Almost invariant half-spaces of operators on
Banach spaces, Integral Equations Operator Theory 65 (2009), no. 4, 473–484.
[2] Benhida, C.; Timotin, D.: Finite rank perturbations of contractions, Integral Equations Operator Theory 36
(2000), no. 3, 253-268.
[3] Beurling, A.: On two problems concerning linear transformations in Hilbert space, Acta Math. 81 (1949), 239–255.
[4] Chalendar, I.; Chevrot, N.; Partington, J. R.: Nearly invariant subspaces for backwards shifts on vector-valued
Hardy spaces, J. Operator Theory 63 (2010), no. 2, 403-415.
[5] Chalendar, I.; Gallardo-Gutirrez, E. A.; Partington, J. R.: A Beurling Theorem for almost-invariant subspaces of
the shift operator, arXiv:1905.06652.
[6] Chevrot, N.: Kernel of vector-valued Toeplitz operators, Integral Equations Operator Theory 67 (2010), no. 1,
57-78.
[7] Fricain, E.; Mashreghi, J.: The theory of H(b) spaces. Vol. 1, New Mathematical Monographs, 20 (2016), Cam-
bridge University Press, Cambridge.
[8] Fricain, E.; Mashreghi, J.: The theory of H(b) spaces. Vol. 2, New Mathematical Monographs, 21 (2016), Cam-
bridge University Press, Cambridge.
[9] Hitt, D.: Invariant subspaces of H2 of an annulus, Pacific J. Math. 134 (1988), no. 1, 101-120.
[10] Mart´ınez-Avendan˜o, R. A.; Rosenthal, P.: An introduction to operators on the Hardy-Hilbert space, Graduate
Texts in Mathematics 237 (2007), Springer, New York.
[11] Nikolski, N.: Operators, functions, and systems: an easy reading Vol. 1 Hardy, Hankel, and Toeplitz Mathematical
Surveys and Monographs, 92. American Mathematical Society, Providence, RI, 2002.
[12] O’Loughlin, R.: Nearly invariant subspaces and applications to truncated Toeplitz operators, arXiv:2005.00378 .
[13] Partington, J. R.: Linear operators and linear systems. An analytical approach to control theory, London Mathe-
matical Society Student Texts, 60 (2004), Cambridge University Press, Cambridge.
[14] Popov, A. and Tcaciuc, A.: Every operator has almost-invariant subspaces, J. Funct. Anal. 265 (2013), no. 2,
257–265.
ALMOST INVARIANT SUBSPACES OF THE SHIFT OPERATOR ON VECTOR-VALUED HARDY SPACES 13
[15] Sarason, D.: Nearly invariant subspaces of the backward shift, Contributions to Operator Theory and its Applica-
tions (Mesa, AZ, 1987), 481-493, Oper. Theory Adv. Appl., 35, Birkhuser, Basel, 1988.
[16] Sirotkin, G. and Wallis, B.: The structure of almost-invariant half-spaces for some operators, J. Funct. Anal. 267
(2014), no. 7, 2298–2312.
[17] Sz.-Nagy, B. and Foias¸, C.: Harmonic Analysis of Operators on Hilbert Space, North Holland, Amsterdam (1970).
[18] Tcaciuc, A.: The invariant subspace problem for rank one perturbations, Duke Math. J. 168 (2019), no. 8, 1539–
1550.
Department of Mathematics, Indian Institute of Technology Guwahati, Guwahati, 781039, India
E-mail address: arupchatt@iitg.ac.in, 2003arupchattopadhyay@gmail.com
Department of Mathematics, Indian Institute of Technology Guwahati, Guwahati, 781039, India
E-mail address: soma18@iitg.ac.in, dsoma994@gmail.com
Department of Mathematics, Indian Institute of Technology Guwahati, Guwahati, 781039, India
E-mail address: chandan.math@iitg.ac.in, chandan.pradhan2108@gmail.com
